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THE RECTIFIED n-HARMONIC MAP FLOW WITH 
APPLICATIONS TO HOMOTOPY CLASSES 


MIN-CHUN HONG 


Abstract. We introduce a rectified n-harmonic map flow from an n-dimensional 
closed Riemannian manifold to another closed Riemannian manifold. We prove 
existence of a global solution, which is regular except for a finite number of 
points, of the rectified n-harmonic map flow and establish an energy identity 
for the flow at each singular time. Finally, we present two applications of the 
rectified n-harmonic map flow to minimizing the n-energy functional and the 
Dirichlet energy functional in a homotopy class. 


1. Introduction 

Let (M, g) be an n-dimensional compact Riemannian manifold without bound¬ 
ary, and let (iV, h) be another rn-dimensional compact Riemannian manifold with¬ 
out boundary (isometrically embedded into R^). The n-energy functional En{u; M) 
of a map u : (M, g) —>• (A, h) is defined by 

EJu-,M) = - [ iVurdu. 
nJM 

A map u from M to A is said to be an n-harmonic map if u is a critical point of 
the n-energy functional; i.e. it satisfies 

(1.1) div [iVur-^Vu] -H |Vnr-2^(n)(Vn, Vn) = 0 in M, 

where A is the second fundamental form of A. 

When n = 2, an n-harmonic map is a harmonic map. The fundamental question 
on harmonic maps, asked by Eells and Sampson [9] (see also [10]), is whether a given 
smooth map uq can be deformed to a harmonic map in its homotopy class [uq] ■ Eells 
and Sampson [9] answered the question for the case that the sectional curvature 
of A is non-positive by introducing the heat flow for harmonic maps. In order to 
solve the Eells-Sampson question, it is very important to establish global existence 
of the harmonic map flow. When n = 2, Struwe [26] proved global existence of the 
weak solution to the harmonic map flow, where the solution is smooth except for 
a finite set of singularities. Chang, Ding and Ye [1] constructed a counter-example 
that the harmonic map flow blows up at finite time. Ding and Tian [8] established 
the energy identity of the harmonic map flow at each blow-up time through a finite 
number of harmonic maps on (called bubbles). Qing and Tian [22] proved that 
as t ^ oo, there is no neck between a limit map Moo and bubbles. Therefore, a 
given map uq can be deformed into a splitting sum of finite harmonic maps. 

When n > 2, Chen and Struwe [4] showed global existence of a weak solution of 
the harmonic map flow, in which the weak solution is partially regular and has a 
complicated singular set. In general, it is difficult to apply the harmonic map flow to 
investigate the Eells-Sampson question. Motivated by the Eells-Simpson question. 
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it is interesting to ask whether a given map uq € N) can be deformed to an 

n-harmonic map in the homotopy class [mq] . Related to this question, Hungerbuhler 
[19] investigated the n-harmonic map flow in the following equation: 

I 

(1.2) — = div [iVur-^Vit] + |VMr-2^(u)(VM, Vm) 

with initial value uq, and generalized the result of Struwe [26] to prove that there 
exists a global weak solution u : Mx[0,+c») N oi the n-harmonic map flow (1.2) 
such that u G C^’“(M x (0, -|-oo)\{Sfe x for a finite number of singular times 

{^fc}fe=i a finite number of singular closed sets C M for k = 1, ...,L with 
an integer L, depending only M and uq. Chen, Cheung, Choi, Law [2] constructed 
a counter-example to show that the n-harmonic map flow (1.2) blows up at finite 
time for n = 3. However, it has been an open question whether the singular set 
Sfe of the n-harmonic map flow at each singular time Tfc is Hnite. Without the 
hniteness of the singular set it is difficult to control the loss of the energy at 
the singular time T^. In order to overcome this difhculty, we introduce a rectihed 
n-harmonic map flow in the following equation: 

f)'}/ 

(1.3) (1 - a -h a| Vnr-2)— = div [iVur-^Vn] -f \S/u\^-'^A{u){S/u, Vn) 

with initial value u(0) = uq with a constant a G [0,1]. In particular, when a = 0, 
the flow (1.3) is the standard n-harmonic map flow. When a = 1, the flow (1.3) is 
an evolution equation involving the normalized n-Laplacian (e.g. [5]). 

In this paper, we firstly prove: 

Theorem 1.1. For each a G (0,1], there exists a global weak solution u : M x 
[0,-|-oo) N of (1.3) with initial value uq G in which there are finite 

times and finite singular points such that u is regular in M x 

(0,+oo)\{{xk'^YjG^ X in the following sense: 

u G X (0,+cx))\{{xi’'=.-. X 

VuGLrAM X (0,+oo)\{{a:i-'=-.- ,0:''=’'=} x 

As t ^ Tfc, u{x,t) strongly converges to u{x,Tk) in • • • ,a;^'“’^}). 

Theorem 1.1 generalized the result of Struwe [26]. For the proof of Theorem 
1.1, one of key ideas is to obtain an e-regularity estimate by improving the delicate 
proof of Hungerbuhler in [19] for the case of a = 0 based on a variant of Moser’s 
iteration. Since the term \Vdtu in the flow (1.3) causes an extra difficulty, we 
have to carry out much more complicated analysis to obtain the boundedness of 
|Vu| (see Lemma 2.4). 

Remark 1.2. We would like to point out that the rectified n-harmonic map flow is 
related to an evolution equation involving the normalized p-Laplacian (e.g. [5]j. It 
will he very interesting if some can prove that the solution of the flow (1.3) is C^’“. 

Secondly, we generalize the result of Ding-Tian [8] from two-dimensional case to 
n-dimensional cases and prove: 

Theorem 1.3. For each a G (0,1], let u : M x [0, -l-oo) N he a solution of (1.3) 
with initial value uq in Theorem 1.1. Let Tk he the above singular time. Then, 
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there are a finite number of n-harmonic maps (also called bubbles) on S'" 

such that 

mk 

lim Er,{u{t)-M) = KK-,Tfe);M) +y S;„Kfe,S"). 
t/'Tfc “ 

For the proof of the energy identity, Wang and Wei [29] proved an energy identity 
for a sequence of approximate n-harmonic maps by reducing multiple bubbles to a 
single bubble. In order to make proofs more clear, we give a detailed procedure of 
bubble-neck decomposition based on the method of Ding-Tian [8] and then prove 
the energy identity. 

Next, we will present some applications of the related n-flow to minimizing the 
n-energy functional in a homotopy class [itoj. When n = 2, Lemaire [20] and Schoen- 
Yau [25] established existence results of harmonic maps by minimizing the Dirichet 
energy in a homotopy class under the topological condition =0. In [23], 

Sacks and Uhlenbeck established many existence results of minimizing harmonic 
maps in their homotopy classes by introducing the ‘Sacks-Uhlenbeck functional’. 
Recently, the author and Yin [18] introduced the Sacks-Uhlenbeck flow on Rie- 
mannian surfaces to provide a new proof of the energy identity of a minimizing 
sequence in a homotopy class [mq] ■ A similar approach on the Yang-Mills a-flow on 
4-manifolds has been obtained by the author, Tian and Yin [16]. Expanding the 
idea in [18] with applications of a rectified n-flow, we prove: 

Theorem 1.4. For a homotopy class [uq], let be a minimizing sequence 

of En in the homotopy class [mq] and u the weak limit in 1U^’"(M, iV). Then, there 
is a finite set E of singular points in M so that as k ^ oo, Uk converges strongly 
to u in W^^(({M\E,N) and there are a finite number of n-harmonic maps {uJi}\^i 
on 5'"“^ such that 

i 

lim En{uk;M) = En{uoo; M) + y 5'"“^). 

k^co ^^ 

2=1 

If 7r^(A^) = 0; the singular set E is empty and there is a minimizing map of the 
n-energy functional in the homotopy class [i/q]- 

We would like to point out that Duzaar and Kuwert [7] studied the decomposi¬ 
tion of a minimizing sequences of the n-energy functional in a homotopy class [uq] 
with N = S\ which could be used to prove an energy identity for the minimizing 
sequence. Our proof is completely different from one in [7]. By a modification 
of the above n-harmonic flow, we follow the idea of the a-flow [18] to rectify a 
new minimizing sequence having the same weak limit u of the minimizing 

sequence {uk}'^i in the same homotopy class. 

Furthermore, in order to prove the existence of a harmonic map in a given 
homotopy class [mo]i h is ^ nature way to minimize the Dirichlet functional in 
the homotopy class. Indeed, there were successful results for n = 2, which were 
mentioned above ([20], [25] and [23]). In higher dimensions, it is very challenging 
to minimize the Dirichlet functional in a homotopy class. White [30] showed that 
if d is the greatest integer strictly less than p, a homotopy equivalence is well 
defined for neighboring maps after restriction to the d-skeleton of M and there 
exists a minimizer of the p-energy Ep{u;M) = i with prescribed d- 

homotopy type. White [30] raised an open problem about the partial regularity 
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of the minimum solution of the p-energy with prescribed d-homotopy type. In 
particular, even for p = 2, the partial regularity theory of Schoen-Uhlenbeck [23] 
(also Giaquinta-Giusti [12]) on an energy minimizing map u in cannot 

be applied since the Sobolev space N) cannot be approximated by smooth 

maps and a minimizing map of the Drichlet in iV) is not in the homotopy 

class. 

Let be a minimizing sequence of the p-energy Ep in the homotopy class 

[mo] for 2 < p < n and let u G N) be the weak limit of the minimizing 

sequence. Related to the above White problem, it is a very interesting problem 
whether the limit map m is a weakly p-harmonic map and partially regular. Moti¬ 
vated by recent results of [13] and [17], we partially answer the question by applying 
a modified n-flow and prove: 

Theorem 1.5. Let p be a number with 2 < p < n. Assume that N is a homoge¬ 
nous Riemannian manifold without boundary. For a given homotopy class [uq], let 
be a minimizing sequenee of the p-energy Ep{u; M) in the homotopy class 
[uo]. Then, there is a subsequence such thatui weakly converges to a weak 

p-harmonie map u. Moreover, u belongs to C^'P{M\Tj, N) for a elosed singular set 
E C M and TE~^{Yi) < oo, where denotes the Hausdorff measure. 

For proving Theorem 1.5, we employ a perturbation of the p-energy functional 
and its gradient flow in a homotopy class. This kind perturbation of the Drichlet 
functional was used by Uhlenbeck in [28] to reprove Eells-Sampson’s result, and 
was employed by Giaquinta, the author and Yin [13] for proving partial regularity 
of the relaxed functional of harmonic maps and also by the author and Yin [18] for 
proving partial regularity of the relaxed functional of bi-harmonic maps. 

The paper is organised as follows. In Section 2, we establish some basic estimates 
and global existence of weak solutions to the rectified n-flow. In Section 3, we prove 
the energy identity at a singular time and finish a proof of Theorem 1.3. In Section 
4, we prove Theorem 1.4. In Section 5, we hnish a proof of Theorem 1.5. 


2. Some estimates and global existence 


In local coordinates, the Riemannian metric g on M can be represented by 

g = gijdx^ ® dx^ 

with a positive definitive symmetric n x n matrix (py). The volume element dv of 
{M-,g) is defined by 

dv = y/\g\dx with jpj = det (pij). 


Note that {N, h) is a m-dimensional compact Riemannian manifold without bound¬ 
ary, isometrically embedded into R^. For a map u : M ^ N, the gradient norm 
|Vm| is given by 


|Vm(x)P = Y^g^^ix) 

i,j,a 


dxi dxj ’ 


where = {gij) ^ is the inverse matrix of (p^). A C^’^-map u from M to iV is 
called an n-harmonic map if it satisfies 


J. _ Y 




( 2 . 1 ) 


-f 1 Vm1”"2A(u)(Vm, Vm) =0 in M, 
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where A is the second fundamental form of N. 

In order to show existence of the rectified n-flow (1.3), we consider an approxi¬ 
mate n-functional 

(2.2) E„,,(u) = / (| \Vu\^ + -iVnl") dv 

Jm ^ n 

for a constant e > 0. The Euler-Lagrange equation for the functional (2.2) is 


(2.3) 


_J_^ 

^\dxi 




+ {e+ \Vu\^-^)A{u)iVu, Vu) = 0. 


The rectihed gradient flow for the functional (2.2) is 

cin 

(2.4) (l-a + £ + a|V^rr-h^ 


_J_^ 

\/M 


(e-flV^r ^/\g\-^u 


+ {e+ \Vu\^-^)A{u){Vu, Vu) 


with initial value m(0) = uq in M. Multiplying dtu to both sides of (2.4), we have 
the following energy identity: 


Lemma 2.1. Let u{t) he a smooth solution to the flow (2-4) in M x [0,T) with 
initial value m(0) = mq. Then for each s with 0 < s < T, we have 

(2.5) / ||Vu(s)|2 + i|VM(s)|”dw+ / / {1 - a + e + a\Vu\^-^) 

Jm^ n Jo Jm 

= [ ^\Vuo\^ + -\Vuordv. 

Jm ^ n 

Moreover, we have the following local energy’s inequality: 


du 

'm 


dv dt 


Lemma 2.2. (local energy inequality) Let u{t) be a smooth solution to the flow 
(2-4) in M X [0,r] with initial value it(0) = ug and set eflu) = ||Vup -I- i|Vtt|”. 
For any xg with B 2 r{xo) C M and for any two s,t G [0,r) with s < t, we have 


( 2 . 6 ) 


f ee{u){-,T)dV + f ( (1 - a-l-e-I-a|VM|” ^)|i9tu|" 

JBr{xq) Js Jm 


dv dt 


< 


L 


B 2 r{xq) 


ee(u)(-, s) dv + 


s JM 

C{t - s) 




ee(uo) dv 


IM 


and for each a € (0,1], there is a constant C{a) depending on a such that 
(2.7) 

/ ee{u){-,s)dv - j eflu){-,T)dv 

JBr { xo ) -^^2^(310) 

<C{a) f [ {1 — a + e + a\Vu\^~'^)\dtu'^ dv dt 

J8 Jm 

J ee{uo)dv y (1 -a-l-e-l- 


C{a) 


1/2 
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Proof. Let ip he a. cut-ofF function with support in B 2 r{xo) and </? = 1 on Bii{xo) 
with |V(/5| < CfR. Then 

^ J V>‘^ee{u)dv = J ^(e+|V m|""^)Vm, du 

2 

= - [ (^^(1 - a + £ + a|Vu|"“^) ^ 

JM Ot 

+ [ p{e + \yur^)yu#yp#^dv. 

JM 

(2.6) follows from integrating in t over [s, r] and using Young’s inequality. Similarly, 
we have (2.7). □ 


Lemma 2.3. Let u : M ^ N be a smooth solution to the flow equation (2.4) in 
M X [0,T] . Set eflu) = ||Vup + i|Vu|". There is a small constant Eq > 0 such 
that if the inequality 

sup / \Vdv dt < Eq 

0<t<T J B2Rg (xq) 

holds for some positive Rq, then we have 

( 2 . 8 ) [ [ + \y^uf{e+\\/u\'^-^)dvdt 

JO JBRg{xo) 

<Cil+TRY^)Efluo), 

where the eonstant C does not depend on e, a and u. 


Proof. In a neighborhood of each point xq € M, we can choose an orthonormal 
frame {ci}". We denote by Vi the first covariant derivative with respect to Ci and 
by the second covariant derivatives of u and so on. 

Let 0 be a cut-off function with support in B 2 R 0 (xq) such that ^ = 1 in Br^ (xq), 
|V(^| < CR^^ and \(j)\ < 1 in B 2 Ro{xo). Multiplying (2.4) by (^"Au, we have 

(2.9) f (1 — a-b £-b a| Vu|"“^) (9tu, Au) (/)" du 

J B^Rg (Xo) 

= [ {Vkiie+\yu\^-^)Vku),Au)<f^dv 

J B2Rg (xo) 

+ j ((£-b |Vm|"“^)A('u)(Vu, Vm), Am) (/)"■ du 

J B2Rg{,Xo) 

In order to estimate the first term of the right-hand side of (2.9), it follows from 
the well-known Ricci identity that 

VfeVi ((£+|Vwr-2)VM) = V;Vfc((£+|Vur-2)Vu) 

+ i?M#((£+ivur- 2 )vu) 


with the Riemannian curvature Rm- 
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Then, integrations by parts twice yield that 


> 


[ {Vk{{e+\Vur-^)Vku),Au)rdv 

dB2Rg (xo) 

f {Vliie + \Vu\^-^)Vku), Vk^iu) r dv 

dB2Rg (xo) 

-f {Vki.\Vur-^Vku),Viu)\7irdv 

d B2Rg (Xq) 

+ f {Vi{{e+\Vur-^)Vku),Vku)Vkrdv 

dB2 Rq (xq) 

+ [ {RM#{{£+Nur~^)^ku),Viu)rdv 

dB 2 Rg {xo) 

^ [ {e+\Vu\^-^)\V^u\^(l)'^dv 

^ J B2Rq (aio) 

+ / (e+|VMr-2)|V|Vu||2<^"dr; 

d d B 2 Rg{xo) 

-C [ (e + |Vur-h|Vwp</)"-2(02 ^ |y^|2) 

'd Bo Dr. (iCn) 


In order to estimate the term of the left-hand side of (2.9), it follows from integrating 
by parts and using Young’s inequality that 


f ((1 — a-I-£-I-a|Vu|" '^)dtu, Au) (j)^ dv 

d B2Rg {xo) 


( 

d^ JB 2 Rn(xo) 


1 — CL -\- S 


^ \Vu\^ ^ -\Wu\^)(t)^ dv 

2 n 


-a / Vfc(|Vit|"-hi9tu- 

d B 2 Rq{xq) 


—n 


I (1 — a-I-£-f a|Vu|" ^)dtu ■ VkU(j)'^ ^S/k4>dv 

d B 2 Rg{xo) 


< - 


1 — OL -\- S 


IVub-|Vwr)<))"(ir; 
2 n 


-[ ( 

di J B 2 Rg (a:o) 

+C f (1 — a-I-£-I-a|Vu|"“^)|5(itp0"'du 

dB 2 Rg (a:o) 

+ / \Vur^\V{\Vu\)frdv 

^ dB 2 Rg(xo) 

+C f (1 - a -h £ -h a|Vur-h|VMp|V(/)p(/)”-2 dv. 

d B2Rg (Xq) 
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Combining above inequalities, we obtain 
d 
dt 


( 2 . 10 ) 


' B2K0 (rco) 


(1- 


1 


n 

n—2\ ±n 


' B2Rq (xq) 


\V^uY{e+\Vu\'^-^)(i)^dv 


/ |Vwp(e|Vup + |Vur)(^”dn 

' B2Rq (xo) 

f {l + \VuY)cj)^-^{cj)^+ \\/(l)Y)dv 

' B2Rq (xo) 

f il + a\Vur-^)\dtuY(l)^dv. 

B2RQ (a^o) 

By applying the Holder and Sobolev inequalities, we have 

[ [ \VuY+^cj)^dvdt 

Jo JB2 Rq{xo) 


< c 
+c 

+C 


'B2Rq (xo) 


|Vu| n-2(j)n-2 dy 


dt 


<CeS 


< sup / iV^r dv / 

\0<t<T JB2Rg(xo) J Jo 

[ [ \V{\VuY/'^(l)^/^)Ydvdt 

lO JB2Rg{xo) 

[ [ + ^\VuY)dvdt. 

Jo Jb2Rq{xo) ^0 

Integrating (2.10) in t over [0,T], choosing ero sufficiently small and Lemma 2.1, 
we have 

[ [ \yuY+^+ \y^uY{e+\VuY-^)dvdt 

Jo J(xq) 


<CeS 


< c 


' B2Rq{xo) 


+ -\vun{x,o)dv 


+^(1 + ^) f Eg{u; B2Hg{xo)) 
Rq Jo 


dt 


’-0 -'o 

<C{l + T+^^)E,{uo). 


□ 


This proves the claim. 

For R> 0 and zq = (a;o,<o) S M x (0,oo), we denote 

Pr{zo) = {z = {x,t) : \x - Xo\ < R,to - R'^ < t < to}- 

Lemma 2.4. Let u be a smooth solution to the flow equation (2-4) with smooth 

initial value Uq. For any /3 > 1, there exists a positive constant ei depending on fd 

(1/2 

such that if for some Rq with 0 < Rq < minjei, the inequality 


sup / 

to- 4 iJ^<t<to J B2Rf){xo) 


\VuY dv < El 
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holds, then we have 



io Rq d 



Jto-iRl JB 2 R„{xo) 


where the constant C does not depend on e, u and a. 

Proof. In a neighborhood of each point xq € M, we still denote by Vi the first 
covariant derivative with respect to Ci and by the second covariant derivatives 
of u and so on. 

Let (j) = cj){x, t) be a cut-off function with support in Bjig{xo) x [tp —4i?Q, to+4i?o] 


such that (^ = 1 in Br^^xo) x [to — RQ,to], |V(^| < C/Rq, \dt(j)\ < and \(j)\ < 1 in 
Bro{xo) X [to -4i?g,to]. 

Multiplying (2.4) by cj)^\Vu\^dtU and integrating by parts, we have 




(((e -f IVur-^VfeW, l3\Vu\^-^yki\'^u\)dtu) dvdt 



{{e + |VM|"-2)y4(u)(VM, Vm), iVufdtu) dvdt 


P2Rf,{xo,to) 




P2R0 {x:o,to) 


(er-f |VM|”-2)|Vit|^+V””h<('|Vw| + |V((>|) 19*^1 dvdt. 
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This implies that 


( 2 . 12 ) 


< n- 


L 


/ [e+\Vu\^-^)\Vuf\dtu\^(l)^dvdt 

'P2Rq {xo,to) 

(e + |VM|”-2)|VM|^-2|VfcuVfe(|Vu|)|2 dv dt 


-P 2 R 0 (^o,io) 


Ca / (£+|Vur-2)|VM|/3^"-i(<^|VM|2 + |Vu| |V(/)|)|9tM|di;dt 

P2Ra{xo,to) 

Ca f 


(e + \Vu\^-'^)\Vuf+^(l)^-^\dt(j)\ dv dt. 


P JP 2 Rq Co, to) 

Then it follows from using using Young’s inequality and (2.12) that 
(2.13) -a(n-2) f {\yu\'^-^yi{\yu\)dtU,\Vufyiu)(l)^dvdt 

•t P2R0 Co,to) 

< in-2) [ + ^|V;(|Vu|)V;unVu|-^)0"di;dt 

JP2RQCo,to) ^ 

< Pin-2) f ie+\Vur-^)\Vuf-^\Vii\Vu\)Viu\^(j)'^dvdt 

-t P2R0 Co,to) 

+ [ ie + \Vur-^)\yuf+^r~"myu\ + \vp\)\dtu\ + hdtP\]dvdt. 

P P2Rq (xo^to) P 

Multiplying (2.4) by • (iVitl^Vw) and integrating by parts, we have 


(2.14) 


' P2R0 Co,to) 


' P2R0 Co,to) 


P2R0 Co,to) 


(Vfc((e + I Vur-2)Vfcu), V/(|Vm|'5Vju)) dv dt 


L 


((1 - a + £ + a| Vzir“2)atu, Vz(|Vm|^V/u)) </)” dv dt 
((£ + I Vur-2)y4(M)(Vu, Vu), Wii\VufViu)) dv dt. 

((1 - a + £ + a\Vu\^-^)dtu, Vii\VufViu)) </>” dv dt 


P2R0 Co,to) 

+ f {Vi[ie+\Vu\^-^)Aiu)iVu,Vu)],\VufS/iu)p^dvdt 

d P2R0 Co,to) 


' P2R0 Co,to) 


((£ + |Vur-2)A(M)(Vu, Vu), iVul'^Vzu) Viip'^) dvdt. 


The second term of the right-hand side of (2.14) is a good one, but we need to 
analyze the first term of the right-hand side of (2.14). In order to estimate the first 
term of the right-hand side, using equation (2.4), we note that 


a\dtu\ < CdV^ul -b iVup). 
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Then, integrating by parts and using (2.13), we have 


(2.15) 


'P2R0 {xo,to) 


((1 - a + e + a\\'u\^-^)dtu, V/dVwl'^Vm)) dvdt 


= -a{n-2) ( {\Vu\^-^yi{\Vu\)dtu,\VufViu)(j)^dvdt 

J P 2 R 0 {xoyto) 

— ( ((1 — a + e + a|Vu|"“^)V;(9tM), |Vu|^V;u) 0” dvdt 

P 2 R 0 {xo,ta) 

- j {{l-a + e + a\Vu\^-‘^)dtu,\VufViu)Vi{(j)^)dvdt. 

J P 2 Rq {xo,to) 

< Pin-2) j [e + \Vu\'^-‘^)\Vu\^-'^\Vii\Vu\)Viu\^cj)^ dv dt 

JP2Rq {xo,ta) 

\Vur+^)ri;to)dv 


■L 


(L^^|Vn|2+/3 


B2RQ{xo,to) 2 + /3 
+ /" (^ — n -{- £ 

J P2RQ{xo,tQ) 2 + /3 


n + P 


\Vi 


| 2+/3 


n + P 


'P2Rq ixo,to) 


((1 — a + e + alVul" ^)dtu, \Vu\^Viu) V;((^"’) dvdt 


+C 


dP2R0 (xqM) 

f 

' P2Rq (xo 


(e+|Vu|” ^)|Vm|'^+V” + ^P\dtP\]dvdt 


(e+|Vitr-h|Vw|^ f-|V2Mp + C'|VM|'‘) (/)” dvdt. 

.to) V4 J 


To estimate the first term of the left-hand side of (2.13), integrating by parts 
twice and using the Ricci formula yield that 


' P2Rq(xo, to) 


(Vfc((e + I VMr-2)Vfcn), V,(| Vu|^V,m)) dv dt 


'P2R0 (xo,to) 


'P2R0 {xo,to) 


(Vi((e -t- \Vu\^-^)Vku), Vfc(|Vu|^Viu)) <(." dvdt 


' P2Rq {xo,to) 


(i?M#((£ + |VMr-2)Vfcu), |Vw|^V,m) dv dt 
(V,((e + |Vur-hVfew), iVul^Vzu) Vkp" dv dt 


- f (Vfe((£ + I VM|"-2)Vfcn), |V«|^Vzm) ViP^ dv dt. 

dP 2 Rq (xo,to) 


(2.16) 
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Moreover, we note that 


(2.17) 


and 

(2.18) 


P2Rq {xo,to) 

-j 

J P2Ra{xo,to) 

+(n - 2 + /3) 


{V,((e + IVur-2)Vfcii), VfcdVul^Viu)) dvdt 

{e+\Vu\^-^)\Vuf\V'^u\^(j}^dvdt 
f {e+\Vu\^-^)\Vuf\V{\Vu\)\^(j)^dvdt 

d P2R„ (xo.to) 


+/3(n-2) f {e+\Vu\^-'^)\Vuf-‘^\Vi{\Vu\)Viu\'^(l)^dvdt 

dP2 Rq {xo.to) 


f {Vi{{e + |Vur-2)Vfcw), |Vu|^V,u) Vk(t>" dvdt 

dP2 Rq (so, to) 


' P2Rq (sQ.to) 
1 /■ 


{vii\vu\^-^)Vku,\yufyiu) Vk^dvdi 


+ : 


'P2R0 (so,to) 


(e+ |Vitr“2)|Vw|'^Vfc|Vu|^Vfe(/)”di;dt 


< 


Tl - 2 H- ; 


' P2Rq 


{e + |Vwr-2)|Vu|^|V(|Vu|)p<()” di; dt 


+ 


C 


I 

dPo 


{e + I Vitr-2)|VM|^+2^"-2| v<)f)p dv dt. 


^ d~/d J P2R (xo,to) 


Combining (2.14)-(2.17) with (2.18), we have 


(2.19) 


^ dP2Rf) (so,to) 

{n-2 + (3) 


[e + I VMp-2)|Vw|'^|V2itp<)i” dv dt 

{e + |Vwr"^)|Vu|'^|V(|Vu|)|^(^” dv dt 


' P2R0 (so,to) 


■tB 2 «o(so) 2 + ^ + ^ 


< c 


'P2R0 (so,to) 


2 + 0 n + p 


c4 


'P2R0 (so.to) 


(£ + |VMr-2)|Vu|^+2<?i”-2|V0|2 


+ c (£:+|Vur-2)(|VMp+^ + |Vitd+^)((.”di;dt, 

•t f2Ho (so,to) 

where thhe third term of the right hand side of (2.14),(2.15) and the last term of 
the right-hand side of (2.17) are canceled by using equation (2.4). 
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On the other hand, by using the Holder and Sobolev inequalities, we have 


pto 


( 2 . 20 ) / / 

J to —iRo J S2K0 (®o) 


< r (f \vu\^dv 

Jto—4Rl B2Rg{xo) j 

2 

<C£f ' 


ha-iRl J B^^2{xo) 

rt: 


B2Rd (ao) 


n(n + 3) 

|Vm| "-2 dv 


dt 


< 


Cef [ ((n + /3)2|v2M|2|Vu|”-2+/3^" + |Vm|”+'^|V(;!.|2,/>"-1) 

Jta—iRo JB^^2 (xo) 


dv dt. 


Choosing ei (depending on (3 here) sufficiently small yields 


[° [ + i£+\\'u\^-'^)\Vuf\V‘^u\^)(l)^dvdt 

J tn—4i?n Bortr. fxn) 


/to—4i?o 'J B 2 Rq{xq) 

<C f {1 + \V(I)\^+ \dt(l)\)\Vur+^ dvdt. 

P2R0 (xo,to) 


This proves our claim. 


□ 


Since the constant £1 depends on /3 in Lemma 2.4, we have to get an improved 
estimate to obtain the gradient estimate in the following: 

Lemma 2.5. Let u be a smooth solution to the flow equation (2.4). There exists a 

p/2 

positive eonstant £q < i{M) such that if for some Rq with 0 < Rq < min{£ro, "%“} 
the inequality 

sup / |Vu|"c?u<eo 

to-4/ig<t<fo J B2Ko(a:o) 

holds, we have 


sup |Vur < Ci?o ", 


where C is a constant independent of £, a and Rq. 

Proof. Let (j) = (f){x, t) be a cut-off function with support in Bii{xo) x [to—RQ, to+^o] 
such that (j) = 1 in Br{xq) x [to - P^Rq -f p% \V(j}\ < \dt(t)\ < and 

|(()| < 1 in Br{xq) X [to — i?^,to -f Rf]. For this new cut-off function </>, the same 
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proof of (2.19) gives 

(2.21) i / {e+\Vu\^-'^)\Vu\^\V^u\^(l)'^ dvdt 

2 JPnXxa.tn) 

(e+ |V4tr-2)|Vu|^|V(|Vw|)p(/)”di;df 


' PR{xo,to) 
{n-2 + f]) 


I Pr{xo, to) 

sup / (^|Vu|^+^ + ^|Vur+^)</."(.,s)du 

to-R^<s<to JBr{xo) ^ + P n + p 


< c 


PR{xo,ta) 


+ ^—\Vu\^+^)cl)^-^\dt(l)\dvdt 


c 


,1 


I® J PR{xo,to) 


(£+ |Vur-2)|VM|/3+2^’^-2|V^|2d^;di 


+ c (£ + |Vur-2)(| Vup+^ + I Vu|^+^)<))” du dt, 

J PR{xo,to) 

Using Holder’s and Sobolev’s inequalities with (2.21), we have 

rto 


< 


Jto—p^ J Bp(xo) 

r (f ivurv”d^) (f iv 

Jtn—p^ \jBR(xn) / \JBR(xn) 


(n + 0 ) \ 

u\ "-2 du 1 dt 


< C sup 

\ [ \Vu\^+^p^dv^ 

to — R^<t<to 

\Jbr{xo) j 

<c(f 

{\vu\^+^ + ivMr+^)^"' 

\J PR{xo,to) 


+ p [ 

(e+|Vur-2)(|Vu|2+'5. 

J PR{xQ,to) 



rto 


' dv dt 


to-R? J Br{xo) 


1+2/ra 


Next, we follow [19] to process a Moser’s iteration (e.g. see [14]). 

Set R = Rk= i?o(l + 2-'=), p = Rk+i = i?o(l + 2-^-'=), P = Pk = 0'=(do - 2n) + 
n — 2 and 0 = 1 + 2/n with do > 2n. 


dk — n + Pk + 2, — 9^{do — 2n) + 2n, dk+i — (n + /3fe) ( 1 + 


Then 


2 Pk +2 
n Pk + n 


= 9dk - 4. 


[ {l + \Vu\‘^'^+'^)dvdt<C4’^‘^ ( [ {I + dvd?l . 

dPk+i \dPk ) 


Set 


Ik = yj {1 + \Vu\‘^’‘) dv dt 
Applying an iteration, we have 

4 fc+l < Cs'^ + t 48 ^ Ik < ( 7 ^'' = ! 8 '' + ! 4 ^*^ = ! ^/q < CIq. 
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Therefore, noting dk = — 2n) + 2n for all fc > 1, we have 



efc + 1 (dQ-2n) 




<lc[ {1 + \Vu\‘^>’+^) dv dt 

\ JPk+i 


0^ + l(do-2n.) 


< C'e''+i(<io-2") <C{uo,Ro). 

This implies that |Vu| is bounded in Pr^. 


□ 


Lemma 2.6. Let u : M ^ N be a smooth solution to the flow equation (2.4)- 
There is a small eonstant eg > 0 such that if the inequality 

sup / |Vu|" dw dt < eo 

to—T'<t<to JB2Rg{xo) 

holds for some positive Rq, then ||M||(; 70 ,a(PR(,(( ccq, to))) is uniformly bounded in e. 

Proof. Using the above Lemma 2.5 , | Vu| is bounded by a constant C. By a similar 
proof of the local energy inequality, we have 


{e+\Vur^)\^\^dvdt 


JPr(zo) 

< C sup Es{u{t); B 2 r{xo)) < CR^. 


< C sup 

<t<to 


Set Uzo,R = /pjj(zo) u(x,t)dz. By a variant of the Sobolev-Poincare inequality, we 
have 



for all R < Ro/2. This implies that u{x,t) is Holder continuous near (xojto)- 

□ 

Theorem 2.7. For any uq € N), there exists a local solution u : M x 

[0,To] N of the flow equation (1.3) with initial value Uq for a constant Tq satis¬ 
fying 


( 2 . 22 ) 



0 Jm 


M 



< CEn{uo) + C(1 + nRf^)En{ue>). 


Proof. Since uq G N) can be approximated by maps in N), we 

assume that uo is smooth without loss of generality. Let Ua,e be a solution of that 
equation (2.4) with smooth initial value uq. Note that equation (2.4) is equivalent 
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to 

d<e 

dt 


1 d 


(1 - a + e + alVMa.el”"^) dx. 

{e + \VUa,e\"~‘")AP{Ua,e){yUa,e,yUa,e) 




+ 


(l-a + e + a|VMa,E|"“2) 


92 


u„ 


(2.23) :— ^(yUa,e) + f{_Ua,e,'^Ua,e), 

i.k.a ^ ^ 


where 


£+|VUa.er-^ ( ca/3 , (^ - 2) | Vu„,, r-^9., ug 

e+|VUa,e|"“2 


(l-a + e + a|Vuo,e|”“2) 


For a fixed parameter e, (2.23) is a parabolic system, so there is a local smooth 
solution Ua,e to the rectified gradient flow (2.4) with smooth initial value uq in 
[OjTq^e) for a maximal existence time Ta^e- 

For a fixed e > 0, there is a constant T > 0, depending on the bound of uq and 
its higher derivatives, such that T < Ta^e for all a € [0,1]. In order to prove the 
local existence of (1.3), we need to show that there is a uniform constant Tq > 0, 
depending only on En{uo), such that Ta^e > Tq for all e > 0 and a € [0,1]. Since 
Ta^e is the maximal existence time of the smooth solution of the flow (2.4), it 
follows from using the same proof of Theorem 1 in [19] (Section 2.5) that there is 
a constant Tq > 0, depending only on En{uo), £q and Rq, such that for t <Tq, we 
have 


(2.24) 

/ e.e{Ua,e){-,t)dv < / 

JBrq{xo) •! E 


B2Rq (xo) 


ee[uo}dv+ — 


;{uo)dv 


'M 


l-i 


< So- 


If T < Tq, then it follows from using Lemma 2.5 that Vua,e is bounded in M x [0, T] 
by the norm ||Vmo||_l"(m) and hence f(ua,e, ^'Ua,e) is bounded. By the PDF theory, 
Vua,e{x,t) is continuous in a € [0,1] for any t <T < T^. For any 5 > 0, there is a 
r] > 0 such that for any two a, Oq S [0,1] with |a — apj < r/, we have 


\b7f J'^Ua,e){x,t) - bff {yUao,e)ix,t)\ < S. 


We assume that \7uao,s{x,t) is Holder continuous in M x [^,T], with its Holder 
norm depending only on the bound of Vitao .£(^5 f)- fa fact, this is known for oq = 0 
(see [19]). Netting 

duie ,«/3 

- Vao(^^“o.e)- 


dt 


dxidxj 




we apply the L^-estimate to obtain that 
.dun 


(2.25) 


>PR/2(x,f) 


dt 


-\^dvdt 


' Pr/2(x,T) 


\V^Ua,e\^dvdt 


< cs 


/Pr{x,T) 


\V\a,e\^dvdt + C 


IPr{x,T) 


{\f{Ua,e, V-«a,e)|P + IUo.eD dvdt. 
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By a covering argument od M and choosing 5 sufficiently small with C5 < |, we 
have 

(2.26) [ \^\^dxdt+^ [ \V\a,e\^dvdt 

JMx[if,f] ^ JMx[^f,f] 

< c[ {\f{Ua,e,VUa,eW + \Ua,e\^ + \VW,e\ndvdt<C{f). 

JMxfif ,if] 

By the Sobolev imbedding theorem of parabolic version, Vua,e is also Holder 
continuous, depending on C{T), uniformly for all a G [0,1] and therefore Ua,e is 
smooth across to T > Tq for all a G [0,1]. Therefore, for each fixed £ > 0, there is 
a smooth solution of the flow (2.4) in [0,To] satisfying 

(2.27) r [ + 

Jo Jm 

< Ci?n,e(rto) + C(1 + TqRq )En,E{uo)- 

As £ —> 0, Ua,e Converges to a map u, which is a solution of the flow equation (1.3) 
satisfying (2.22) using Lemmas 2.3-2.5. □ 

Using above results, we can prove Theorem 1.1: 

Proof of Theorem 1.1 . By Theorem 2.7, there is a local solution to the flow equa¬ 
tion (1.3) satisfying (2.22). Then, the solution can be extended to M x [0,Ti) for 
a maximal time Ti such that as t —>■ Ti, there are finite singular points 
i.e. there is a constant £o > 0 such that each singular point is characterized by 
the condition 

En{u{x,t)\ Bii{xO) > £o 

t — 

for any R G (0, i?o]- In fact, the finiteness of singular points comes from using a 
similar local energy inequality to Lemma 2.2 (see [26]). Then, we continue the above 
procedure at the initial time Ti to prove existence of a solution of the flow (1.3) in 
[Ti,T 2 ) for a second blew up time T 2 . By induction, we complete a proof. □ 

3. Energy identity and neck-bubble decompositions 

In this section, let u{x, t) be a solution of the rectified n-flow (1.3) in M x [0, Ti) 
in Theorem 1.1. Consider now a sequence of {u(a;,ti)} as U ^ Ti < 00 . Then 
they have uniformly bounded energy; i.e. En{u{ti)\M) < En{uo;M). As ti Ti, 
u{x,ti) converges to a map mti strongly in {M\{x^, ■ ■ ■ ,a;^}) with finite 

integer 1. At each singularity x^, there is a i?o > 0 such that there is no other 
singularity inside Biig{xO- Moreover, there is a constant £0 > 0 such that each 
singular point x^ for j = 1,...,/ is characterized by the condition 

liminf En{ui-, Br{xO) > £0 

2—)-00 

for any R G (0, i?o]- Then there is a 0 > 0 such that as ti Ti 

(3.1) lVM(a;, U)l"du —>■ + [Vmti I'^dv, 

where denotes the Dirac mass at the singularity x^. 

In order to establish the energy identity of the sequence {u{x,ti)}'f^^, we need 
to get the neck-bubble decomposition. We recall the removable singularity theorem 
of n-harmonic maps [6] and the gap theorem: there is a constant £g > 0 such that 
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if It is a n-harmonic map on S'” satisfying |V?t|” < e^, then it is a constant on 
S”. For completeness, we give a detailed proof on constructing the bubble-neck 
decomposition by following the idea of Ding-Tian [8] (also [21]). 


Step 1. To find a maximal (top) bubble at the level one (first re-scaling). 

Since u{x,ti) ut^ regularly in Br^{x^) away from x^ , where uti is a map in 
N). Since x^ is a concentration point, we find such that as ti —Ti, 


max |Vit(a:,t)| oo. 


1 

^a'^xeBRg{xi),n-s<t<u |Vit(a;,t)| 


^ 0 


for a small (5 > 0. In the neighborhood of the singularity , we dehne the rescaled 
map 

Ui{x, i) := Ui{xj + Ti^ix, ti -I- (ri^ifi). 


Then Ui{x,t) satisfies 

(3.2) + + 

at 

= div (iViir-WM) -H |Vitr-2^(it)(Vit, Vft) 
in Bn^r-^o) x [-1,0] and 


(3.3) / / -a + e) + a\Vur^)&fdidi 

< r [ ((l-a + e) + a|Viir-2) 

•lti-(ri,i)= Jm 


du 


dvdt —> 0. 


Therefore, there is a t € (—1,0) such that 

(3.4) / (r”y (1 - a + e) + a|Viir-2)|^|2(-, i) dv ^ 0. 

Using Lemma 2.2, it can be shown that as i —> oo, 

(3.5) |Vit(a;,ti + r1iii)\^dv + iVuTiTdi;. 

For simplicity, we set 

Ui(x) := u{x,U + rj j,i) for x € Ui{x) := u{x^ + n^iX,U + rf iU). 

Since |Vui(i)| < 1 for all x € (0), sub-converges to an n-harmonic map 

wij locally in C^'‘^(W^,N) as i —>■ oo, and wij can be extended to an n-harmonic 
map on 5” (see [6]) and is nontrivial due to (3.5). We call uJij the first bubble at 
the singularity x ^, which satisfies 

(3.6) En{uJij;W^) = lim lim ^^(ui; 5^(0)) = lim \im En{ui; B^n Ax^))- 

R^oo i^oo R—^oo i—>-oo ’ 


step 2. To find out new bubbles at the second level (second re-scaling). 

Assume that for a hxed small constant e > 0 (to be chosen later), there exist 
two positive constants Sq and Rq with R^Vi i < ddg such that for all i sufficiently 
large, we have 

(3.7) [ \S/u{U)AdV<e 

JB' 2 r\Br{xi) 

for all r G (-5^, 2d), and for all R > Rq and S < Sq. 
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If (3.7) is true, it follows from (2.2) and (3.6) that 

lim En{ui]BRg{x^)) =En{uTi;Biig{x^)) + En{u}i^j-W^) 

i—^oc 

+ lim \iui \im En{ui;Bs\BRri 

R—^cx) 6^0 i^cx 

In this case, this means that there is only single bubble uiij around x^. 

If the assumption (3.7) is not true, then for any two constants R and 6 with 
Rxi^i < AS, S < (5o and R> Rq, there is a number S (—^, 2(5) such that 

(3.8) lim [ \VuiA dV > e. 

J B2ri\Br, (xi) 

Since there is a uniformly energy bound K = nEn{uo; M), i.e. dV < K, 

and e is a fixed constant, we remark that there is no infinitely number of above S 
(0, (5o) with disjoint annuluses B2ri\BriAA satisfying (3.8). If liminfi_>oo > 0, it 
can be ruled out by choosing (5o sufficiently small, so we assume that limi_>oo ri = 0. 
Similarly, if hmsupj^go ^ choosing Rq sufficiently large 

since Ui converges regularly to wi^oo locally in K". Therefore, we can assume that 
linii^oo AA = c» up to a subsequence. Since there might be many different numbers 

Ti e (-^^,2(5) satisfying (3.8), we must classify these numbers. For any two 
numbers and fi in (-^^,2^) satisfying (3.8), they can be classified in different 
classes by the following properties: 

(3.9) lim A- = +00 or lim ^ = 0; 

2—)-00 2—>-00 Vi 

(3.10) 0 < lim inf h < lim sup ^ < oo. 

^2 2—>-00 i 

We say that {r^} and {fi} are in the same class if they satisfy (3.10). Otherwise, 
they are in different classes if they satisfy (3.9). 

It can be seen that the number of above different classes of jri} satisfying (3.8) 
must be finite. Let {fi} be any number satisfying (3.8) in the same class of {rt}. 
Then there is an uniform positive integer 7Vi such that 

(3.11) < liminf -A < limsup A < .^Vi- 

i—ioo Ti i—ioo fz 

Otherwise, it will contradict with the fact that there is no infinitely number of 
above ri £ (0,(5o) with disjoint annuluses B^rABrA^A satisfying (3.8). Therefore, 
these numbers fi can be ruled out by letting 6q sufficiently small and Rq sufficiently 
large. 

We say that the class of {n} is smaller than the class of {fi} if hmi_ioo ^ = 0, so 
we can give an order for such equivalent classes by {r 2 ,i} < {?" 3 _i} < • • • < {rL,i} for 
some positive integer L > 0 depending only on the energy bound K and e. Then 
we can separate the neck region Bg \ B^n i {A ) by the following finite sum: 


Bg \ 

— Bn A'i 1 Bg \ B )) Bn (^i i BRn^^^ ) \ Bgr^,, )) 

“f B,ri (Ui, Bgj-^^^ A^ ) \ A^ )) Bn Ai 7 BA^ ) \ Bgri^_i^i A^ )) ’ 

“f (’^i, BRt^^^ A^ ) \ Bgr2^i A^ )) Bn (^i 7 Bgr^^i A^ ) \ BRr\^i A^ ) ) ■ 
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For a sequence {r 2 ,i} in the smallest class satisfying (3.8) with the fact that 
limi_>oo ^ = oo and limi^oo ?' 2 ,i = 0, set 

W2,i(i) = Ui{x^ + r2,ix). 

Then we note that 

lim lim lim i 5 „ (ui; i ) \ Bsr^ i )) 

i?—foo (5—>^0 i—^oo ’ ’ 

= lim lim lim i!;„(u 2 ,j;i 3 _R( 0 ) \ 55(0)). 

R—¥oo 6—^0 i^oo 

Passing to a subsequence, U2,i converges to a UI2 locally in i?fl:(0) \ Bs{ 0 ) away 
from a finite concentration set of {zi 2 ,i}. As R ^ 00 and (5 —>■ 0, 0^2 is an n-harmonic 
map in R" by removing singularities. If W 2 is non-trivial on R", then UJ 2 is a new 
bubble, which is different from the bubble wi. The above bubble connection UI 2 
might be trivial. In this case, there is at least a concentration point p € B 2 \Bi 
of {u 2 ,i} due to (3.8). At each concentration point p of U2,i, we can repeat the 
procedure in Step 1 ; i.e. at each concentration point p of U2,i in Bfi{Q) \ Bs( 0 ) , 
there are sequences x^ ^ p and Af 0 such that 

U2,i{x‘i + Kx) ^2,p, 


where u} 2 ,p is a n-harmonic map on R". Note that U 2 ,p,oo is also a bubble for the 
sequence {ui{x^ + ri^ 2 X^ -f ri^ 2 ^ix)}. 

Set x^'^ = Xj + ri^ 2 X^. For each p S Bh( 0) \ ^^(O), we have 


xj’^ 


Xi,l 


00 as I 


00 . 


Therefore, the bubble uj 2 ,p at p 7 ^ 0 is different from the bubble wi. We continue the 
above procedure for possible new multiple bubbles at each blow-up point p again. 
Since there is a uniform bound K for En{ui] M) and each non-trivial bubble on S'" 
costs at least Sg of the energy by the gap theorem, the above process must stop 
after hnite steps. 

Furthermore, we note 


lim lim lim A„(ui; Bsr2, (x^) \ Br^ i (x^)) 

R—^cx) (5 —)-0 i —^00 

liiTi lim lim -^15(0) \ ( 0 )). 

R —^00 5^0 l—^oo r2 i 

Since {r 2 ,i} in the smallest class satisfying (3.8) with the fact that limi^oo = 0 
and limi^oor 2 ,i = 0, we can see that Ui satisfies (3.7) on Bra,,5(0) \ ^fli-i,i(0). 
Otherwise, there is a number G (^i?ri,i, 26x2,i) satisfying (3.8), must be belong 
to the class of {ri,i} or {^ 2 ,^}. In an equivalent class, it can be ruled out by R 
sufficiently large or letting 6 sufficiently small. 

Since limi_,.oo = 0 and wi is a bubble limiting map for the sequence {ui{x} + 

r^x) = U 2 ,i(^x)}, then p = 0 is also a concentration point of U 2 ,i on R". Therefore 
the bubble a; 2 ,o must be the same bubble uji. Since the bubble uji is produced by 
Ui on BRri,i(x^), we separate it from other bubbles without repeating. 


Step 3. To find out all multiple bubbles. 
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Let ri ^3 be in the second small class of numbers satisfying (3.8) with hmi_>.oo ^ = 
oo and limi_>oo ?'i ,3 = 0. Set 

U3,i{x) = Ui{x^ + ri^3x). 

Passing to a subsequence, U 3 ^i converges locally to a wa away from a finite concen¬ 
tration set of {u 3 ,i} on R"\{0}. Then we can repeat the argument of Steps 1-2. 
All bubbles produced by except for those concentrated in 0, are different from 
Steps 1-2. By induction, we can find out all bubbles in all cases of the finite differ¬ 
ent classes. Since there is at least one nontrivial bubble on each different classes, 
the total number L of equivalent classes depends only on K and Eg. By the gap 
theorem of n-harmonic maps on S'", the above process must stop after finite steps. 

In summary, at each class level k, the blow-up happens, there are finitely many 
blow-up points and bubbles on R". At each level k and each bubble point pk,i, 
there are sequences x^ —?> pk,i and ^ 0 with hmi_>oo = oo such that 

passing to a subsequence, Ui^k,i{x) = Ui{x^’^ + Vi^kx) converges to where u)k,i 
is an n-harmonic map in R", where x\'^ = x^ -\- Vi^kX^’^■ 

In conclusion, there are finite numbers finite points x^'\ positive constants 
Rk,i, ^k,i and a finite number of non-trivial n-harmonic maps ujk,i on R" such that 


(3.12) 


lim En{ui]BR^{xk)) 

ti—¥00 


L Jk 

=En{uT:i_] ^ ^ (cdfc,/; 


k^l 


L Jk 

+ lim lim En{ukj,i-,Bsk 3 \BR^,r,,k{Xi’‘))- 

^—* Rk,1^00 Sk,1^0 

k—11—1 

Moreover, at each neck region Bg^ j\Br^ ^rk{x^’’') in (3.12), for all i sufficiently 
large, we have 

(3.13) [ \Vuk,iA"dV < e 

D 

for all r S ( , 2Sk,i), where e is a fixed constant to be chosen sufficiently small. 


Proof of Theorem 1.3. Wei-Wang [29] proved an energy identity of a sequence of 
regular approximated n-harmonic maps Ui in W^’"(M, N) fl C^{M, N), whose ten¬ 
sion fields hi are bounded in L"/"“^(M). Let Ui{x) = u{x,ti) satisfy the equation 
(1.3). In this case, hi := (1 -|- a\Vui\^~'^)dtUi, which is bounded in L"'''"“^(M). In 
fact, using Holder’s inequality, we have 


/M 


|Vui| 


1-2 I 

' dt 


< 


’M 


iVuil 


n — 2 
2(n-l) 




2 (n-l) 


< c. 


Under the condition (3.13), we can apply Theorem B of [29] to prove 
lim lim lim E„{iik,iX,Bs ,\Br ,r,,kiXi’^)) = 0- 

Rk,i^^ok,i^0i^oo 


Therefore, the energy identity follows from (3.12). 


□ 
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4. Minimizing the ti-energy functional in homotopy classes 

In this section, we will present some applications of the related n-flow to minimiz¬ 
ing the n-energy functional in a given homotopy class and give a proof of Theorem 
3. For a map u : M N, we recall the functional 

(4.1) En,eiu,M)= / en,e{u)dv, 

Jm 

where we set en,eiu) = ||VmP -I- ^|Vu|” -f 

Let Ui G N) be a minimizing sequence of the n-energy in a homotopy 

class [mo] • Since a minimizing sequence Ui does not satisfy any equation, we cannot 
have a good tool to use. Following an idea of the a-harmonic map flow [18], we 
introduce a modified gradient flow for the functional (4.1) in the following: 

(4.2) 


-f 

with initial value n(0) for a small constant a > 0. Since the minimizing sequence 
Ui is smooth, there is a sequence Si with 0 such that 

(4.3) lim En^siiui, M) = lira En{us^, M) = inf En{u,M). 

*—>■00 ’ i—>-oo ueluo] 

Choosing rt(0) = Ui to be initial values, there is a sequence of e = ^ 0 such 

that the flow (4.2) has a unique global smooth solution u^. (x, t) on M x [0, oo) with 

Ue,(0) = Ui. 

By (4.2), we have the energy identity 


(1 - a + £ + alV^r-^ + e|Vur-i) — 

ot 

(£ + |Vwr-2 + e\Vur^)g^^ 
(£ -f |Vup-2 -h e\Vu\^-^)A{u){Vu, Vu) 



(4.4) F;„,,,(n,,(s),M)+ / [ (1 - a + £ + a|+ s^lVwl”-!) 

^0 Jm 

= En^eiiUi^M) 

for each s > 0. This implies that 

(4.5) lim [ — |VMe^(s)|"'''^ df = 0, 

i^ca JM n 


(4.6) lim / / (1 — a + £-I-ajVMeJ" ^-|-£|VueJ"' ^) dudt = 0. 

l-fOO Jq J 

Hence the sequence {u£^(s)}^]^ for each s > 0 is also a minimizing sequence in the 
homotopic class [mq]. 


du^ 


dt 


dv dt 
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Lemma 4.1. Let p, R be two constants with p < R < 2p. For any xq with 
B 2 p{xo) C M and for any two s,t € [0,r), we have 


/ en,eiiuei{-,s))dv - (-«£,)(•,r) dw 

J Bp{xq) J Bnixn) 


Br{xo) 


<C / {l + a\\/ue,r~^+ei\Vu\^-^)\dtUef dvdt 
Js JM 

+ C ^ J en,ei{u^)dv J {l + a\VUei\'^~'^ +e^\VUei\'^~^)\dtUei\'^dvdt 


Proof. Let </> be a cut-off function in Bn{xo) such that </> = 1 in Bp and |V(^| < 
C/{R — p). The required result follows from multiplying (4.2) by <f>dtu^.. □ 

We can repeat the same steps of Lemma 2.5 to obtain 

Lemma 4.2. There exists a positive constant Eq < i{M) such that if for some Rq 
with 0 < i?o < minjeo, -%—} the inequality 

sup / \WUei\'^ dv < Eq 

to— 4 flg<t<t 0 JB2Rg (xo) 

holds, we have 

l|Vu£j|i=o(B^j2.3)) < C{Ro) 

where C is a constant independent of e and depends on Rq . 

Now we complete a proof of Theorem 1.4. 


Proof of Theorem 1.4-. For a minimizing sequence ut of the n-energy in the homo- 
topy class, let u be the weak limit of in Set 


= Pi i a;Q e : Br{xq) C M, 


R>0 


lim inf 

i—^oo 


Br{xo) 


|VMi|" dx > Eq 


for a small constant ero > 0- It is known that Eq is a set of finite points. For the 
above sequence {u£. we set 




P < Xo G : Br{xq) C M, 

R>0 I 


liminf / | (•, s)!” da; > Eq 

Jbr{xo) 


which is also finite. Applying (4.5)-(4.6) to Lemma 4.1, we obtain that Eq = Eg 
for all s > 0 (see a similar argument to one in [16]). By using Lemmas 4.1-4.2, 
|VMe^(a;,s)| < C[R) on Pr{xq,s) for each xq G M\E with Br{xq) C M. By this 
result, we know that u{x,t) is a weak solution to the flow (4.2). Since Ui{x,t) 
converges weakly to u{x,t) in kF^’^(M x [0,1]), u{-,t) = u{-,0) = u. Then u{x,t) 
is an n-harmonic map from M to N independent of t G [0,1]. By the regularity 
result on n-harmonic maps, u is a smooth map on M. 

For any xq G M\E, there is a constant R > 0 such that Br{xo) C M\E. Note 
that UeXx) converges strongly to u in W^’^{Br{xo)). As i ^ oo, we apply Lemma 
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5.1 to obtain that 

r 1 


|Vit|" < liminf 


1 


|VMi|" dv < limsup 


Bp{xo) JBpixo) ” JBpixo) 

: limsup f («£;)(•,r) dti = f —\Vu\^dv 

i—>00 j BTt(xn) BTt(xo) ^ 


CeiiUi) dv 


for any R with p < R. Letting R ^ p, we have 

/ —|V'«|"'= lim [ —iVuil^dv. 

JBpixo)'^ JBpixo) 

This implies that Ui converges strongly to u in lT^’"(i?p(xo)) and hence strongly 
in <’:(M\S). 

Next, we use a similar proof of Sacks-Uhlenbeck [23] to show that Sq = = 0 

if TTniN) = 0. Let {nEi(s)}^^ be the above sequence, it is known that nei(s) 
converges to u strongly in {M\E,s). Without loss of generality, we assume 

that there is one singularity in Eg. Let p{r) be a smooth cutoff function in R 
with the property that p = 1 for r > 1 and p = 0 for r < 1/2. For some p > 0, we 
define a new sequence of maps vt : M ^ N such that Vi is the same as Ui outside 
Bp{xi), and for x € Bp{xi), 

v^{x) = exp„(^) (^p{^-^)exp-^^^oue,{x,s)^ , 


where exp is the exponential map on N. Note that Vi = u on Bp/ 2 {xi) and Vi = 
Ug^{s) outside Bp{xi) and that Ug.{s) converges to u on Bp{xi) \ Bp/ 2 {xi) strongly 
in and thus in for some (3 > Q. Hence for sufficiently large i, Vi{Bp(^;^^'f \ 

Bp/ 2 {xi)) lies in a small neighborhood of u{xi), where exp”^^^^ is a well defined 

smooth map (if p is small). Since F{y) = exp^i^^^,) 6xp“^^^^ is a smooth 

map from a neighborhood of u{xi) into itself, we have 


f \V{vi — dv = f \V{F o Usi{s) — F o dv 

JBp\Bp/2ixi) JBp\Bp/2ixi) 


< C 


' Bp\Bp/2ixi) 


|V(Ue. (s) — u)]" dv ^ 0 


as I —oo. It implies that 


(4.7) Iki ~^ 0 

as I —>• oo. 

Since 7r„(iV) is trivial, Vi is in the same homotopy class as Ue^(s). Since ^^^(s) is 
a minimizing sequence of En^ei ^^^(s) converges weakly to u in we have 

En{u) < limsupi5„,£,(Ue,(s)) < limsupi5„,£,(ui) = En{u), 

i—¥co i—¥co 

which implies that Ue^ (s) converges to u strongly in bF^’"(M, N), which means that 
there is no energy concentration; i.e. Eg = Eg = 0. 

□ 
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5. Minimizing the ^-energy functional in homotopy classes 
For a small e > 0, we introduce a perturbation of the p-energy functional by 

(5.1) Ep,,{u-M)= [ + -\yu\P+ ^—\Vu\^+^dv. 

The Euler-Lagrange equation associated to this functional is 

(5.2) V • ([e+|Vu|P-2+ e|Vur"^]VM) 

+ [e + I + e|Vu|”-i]A(u)(VM, Vu) = 0. 


The gradient flow for the above equation is 
Fin 

(5.3) — = dvi [(e+|Vu|P-2+e|Vzir-hVu] 

ot 

+(e + \Vu\P-^ + e\Vur-^)A{u){Vu, Vu) 


with initial value u(0) = uq in M. If the initial map uq is smooth, there is a global 
smooth solution to (5.3) by using proofs in [19] and [11]. 

Without loss of generality, we assume gij = Sij. Then we have 

Lemma 5.1. Let u be a solution of the equation (5.3). Then for all p < R with 
Br{xo) C n, we have 


rtP~'^ 


,2 l._ 1 


Sp(xo) 
i{p-2) 


-|Vu|^ + ^|V< + ^£|Vur+i 


dx 


pP-i-" 


2p 

+ / 

JBr\Bp{xo) . 

= RP-^ 


e\\/u\^ dx dr 


/Br 


+ drr 


e\Vu\'^-^\dru'{ 


rP-^ dx 


■L 


Br{xo) 

n + 1 — p 


£,„ ,2 1- .. 1 


|Vur + -|Vur + ^e|Vur+i 

2 p n + 1 


dx 


j f rP-i-’^elVur+irfccdr 

J p J Brixa) 


n+1 J p J Br(xo) 




Proof. Without loss of generality, we assume that xq = 0. Multiplying (5.3) by 


XiS/iU, we have 


J ~ ^+£]Vu]" ^)Vu) , XiViu) dx = 0. 
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Integration by parts yields that 


[ l — ^XiVivSdx - f (e + |Vm|*’ ^ + e|VM|"' ^)\xiS/iu\'^doj 

J Br ^ JdBr 

= - f (e|VMp + iVul^^ + e|Vitr+i) + + \Vu\p-^ + e|Vur-^)x*V*(|VMn dx 


J Br 
— r 




n + 1 


dx 


IdBr 


^\yu\^ + l\Vu\P + ^ 

2 p n + 1 


|Vm 


n +1 


du). 


Multiplying by ^ " both sides of the above identity, we have 
d 


dr 


[ (||Vup + i|V«r + ^|V«r+Mdx 
JbA2 p n + 1 J 


Av - 2 ) 

2p ' 


.p-l-n 


[ e\VuAdx + rP-^-'^ [ 

J B^ J B 


£{n + 1 - p) 
n+1 


iVitr+^dx 




(n - 2)e 2 , {n-p) 


„ |Vn|^ + -dx 

2'' p''n + l''7 


+ rP-'^ 


IdBr 


£|Vup + i|Vnr + ^ 

2 p n + 1 


|Vw 


ra+l 


duj 


' f (e+|Vu|^ ^+£|Vm|" ^)\druA duj — f rP ^ XiViu \ dx. 

JdBr JBr / 


Then integrating with respect to r from p to R yields the result. 


□ 


Lemma 5.2. Let Ui € C°°{M^N) he a minimizing sequence in the homotopy class 
[no]- Then there are a sequence o/Ci —> 0 and solutions of equation (5.3) with 
initial value Ui such that Mej(t) for all t S [0,oo) is also a minimizing sequence in 
the same homotopy class. Moreover, there is a uniform t G [1/2,1] such that 

lim f \Vu^.A~^^{-,i)dv + lim f (-, f) P dn = 0 . 

i—)-oo J^ n+1 i—>oo J 

Proof. Since the minimizing sequence Ui is smooth, there is a sequence > 0 such 
that 

T^p,eii+i) — Tlpiu^f) + —, 

which implies 

(5.4) lim Ep^sAni) = 1™ TJp{ueA = Ep{v). 

i—>oo ’ i—>00 -uGfiio] 

Then there is a unique solution Ue-{x, t) to the flow (5.3) with initial value n^. (0) = 
Ui. Similar to Lemma 2.1, we have 

E^.{uei{-:r))[ [ \dtUe,\^ dvdt = Ee.{Ue,). 

Jo Jm 

This implies that {x, r) for r is a minimizing sequence of E in the homotopy 
class [uo], which yields 

lim [ |VnEj"+^(-,T) dv + [ [ \dtUe,f dvdt = 0. 

JM n + 1 Jq j 


(5.5) 
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Then there is a uniform i G [1/2,1] such that 


lim 
2—)-00 


\dtUei{-,i)\ dv = 0. 


M 


□ 


Proof of Theorem 1.5. Let Ui G {M, N) be a minimizing sequence in a homo- 
topy class and u its weak limit. If is a homogeneous manifold, we claim that u 
is a weak p-harmonic map from M and N. 

Let X = {X^, ■ • • ,X^) be a Killing vector on iV C as in Helein [15] and 


= 


") G N. Let p be a cut-off function compactly supported in M. 


Since Ug is a solution of (5.3), we use (pX{u) as a testing vector to get 

f {XkiTXiUe)),ie+\VUef~‘^ +e\yUe\'^~^)XkUe)dv = - f {ipX{Ue),dtUe). 

J M JM 

Since X is a Killing vector, it implies that = 0, so 

(5.6) f (Vfc(pX(Me), (e-|-|Vue|^“^-l-e |Vue|"“^)VfeM£)dr; = - [ {(pX{u^), dtUg). 

JM JM 

Let u be the weak limit of in IK^’P(M x [0,1]) by passing to a subse¬ 
quence if necessary. By a compact result in [3], converges weakly to 

in with ^ -f ^ = 1. Since converges to u strongly in and X 
is a smooth vector on N, X{ue.) converges to X{u) strongly in L'p. Letting Si go 
to zero in equation (5.6) and noting (5.5), we have 


Vk<p(X(u), jVujP-^Vkujdp = 0, 


/M 


which implies 


(Vk(pX(u)), jVujP-^Vkujdfx = 0 


IM 


due to the fact that X is a Killing vector. Since iV is a homogeneous space, we 
apply the construction of a Killing field {Xj} by Helein [15] and choose (pj to obtain 
that 

Y^PjXjiu) 

3 

is any compactly supported vector field (along u). This implies that m is a weak 
p-harmonic map. We know that m is a weak solution to the p-harmonic map flow. 
It follows from (5.5) that m is a map independent of t G [0,1]. Since 
converges weakly to u{x, t) in 1T^’^(M x [0,1]). Hence, m(-, t) = u(-, 0) is a (weakly) 
p-harmonic map from M to N. 

We define 

S = n < xo G H : Br{xq) C M, liminf [ {Xu^.l^dx > eg \ 

for a sufficiently small constant Eq. Then, 'H”“P(S) < -foo. For any Iq ^ S with 
Bro(xo) C M\S, for each y G BRg/ 2 {xo) and for each p G (0, i?o/2), we have 


(5.7) 




[Vul^’dM < lim ff 


'Bp{v) 


\Vue,\PdM < eo 
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for a sufficiently small constant eo > 0. Since u is a weakly p-harmonic map 

satisfying (5.7), it follows from a similar proof of stationary p-harmonic maps into 
homogenous manifolds (see [27]) that u belongs to C/^’“(M\E). □ 
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